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DISPLACEMENT BOUNDS FOR BEAM-COLUMNS WITH
INITIAL CURVATURE SUBJECTED TO TRANSIENT LOADSt

R. H. PLAUT

Center for Dynamical Systems, Division of Applied Mathematics, Brown University,
Providence, Rhode Island

Abstract-Elastic beam-columns with initial curvature and pinned or clamped ends are considered. Upper
bounds on the lateral displacement response to transient axial and distributed lateral loads are derived by means
of energy-type functionals and some inequalities. The results are significant because of their generality.

INTRODUCTION

THE response of elastic beam-columns to transient loading is considered in this paper.
The beam-columns are allowed to have some initial curvature and a combination of pinned
and clamped end conditions. Time-varying axial and distributed lateral loads of a general
nature are considered. In most such cases the equation of motion cannot be solved analyti
cally and an explicit solution for the lateral displacement is not available.

An upper bound for the displacement is derived here with the use of some inequalities
and an energy functional. This bound is valid for general initial shapes and applied loads.
A second bound applicable to pulse axial loading is also obtained. Some examples are
presented and a comparison of the upper bound with the exact displacement is made for a
particular case.

The importance of these displacement bounds lies in their generality and simplicity.
Some similar problems, for example, have been investigated in Refs. [1-7] by a variety of
methods. The problem considered here is more general than each of these in at least one of
the following four aspects: the end conditions, the initial shape, the axial load and the
lateral load. For cases in which the beam-column response cannot be easily determined,
these bounds furnish some quick and useful information.

EQUATION OF MOTION

Consider a linearly elastic beam-column of length L with constant values of Young's
modulus E, cross-sectional moment of inertia I and mass per unit length m. Let T denote
the time and X the coordinate axis along the line connecting the ends of the beam-column.
The equilibrium configuration in the absence of loads is given by Wo(X), while W(X, T)
represents the lateral displacement from Wo(X). An axial load P(T) and a distributed lateral
load Q(X, T) per unit length act on the column for 0 :::;; T:::;; 1J (see Fig. 1).

t This research was sponsored by the United States Navy under Grant No. NONR NOOO14-67-A-0191-0009.
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------ L ---------<..~I
FIG. 1. Geometry of beam-column.

(1)°:=; X :=; L, T 2 0,

The displacement W(X, n is assumed to be governed by the linear equation of motion

a2w a4w a2w d2Wo
m aT2 +EIax4+p(n ax2= Q(X, n-p(n dX 2 '

(2)

where p(n == °and Q(X, n == °for T > If. In terms of the nondimensional quantities

p = PL2/EI, q = QL3/EI, x = X/L

w = W/L, Wo = Wo/L, t = T(EI/mL4)112,

tJ = If (EI/mL4)1 12,

equation (1) becomes

°:=; x :=; 1, t 2 0, (3)

where

d 2wor(x, t) = q(x, t) - p(t) dx2 (4)

w(x,O) = 0,

and w = w(x, t). The beam-column is assumed to be initially at rest, so that

ow-at(x, 0) = 0. (5)

Three sets of end conditions are considered:

(i) pinned-pinned

a2 w
w = - = ° at x = 0, 1 ;ax2

(ii) clamped--elamped

ow
w = - = ° at x = 0, 1;ax
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(iii) clamped-pinned
oW 02W

W = - = 0 at x = 0, W = -2 = 0 at x = 1.
ox ox

The nondimensional Euler buckling load Pe has the values (i) n2, (ii) 4n2, (iii) 2·046n2for
these end conditions.

In general, equation (3) is not separable and an analytic solution for w(x, t) is not
available. With the use of energy-type functionals, however, upper bounds on the displace
ment can be obtained.

DERIVAnON OF DISPLACEMENT BOUNDS

(a) Consider the positive-definite functional V which is twice the sum of the kinetic
energy and strain energy:

= 51 [(02W)2 (ow) 2JV ~ 2 + ~ dx.
o uX ut

The time rate of change of V is given by

(6)

(7)

With the use of the equation of motion (3), the end conditions, and integration by parts,
one can show that

during motion of the beam-column. By Schwartz's inequality

(ow {(1(OW)2}tJ
o

r(x, t)at dx ~ v(t) J
o

at dx ~ v(t)Vt

where

v(t) = {f r 2(x, t) dX} t.

Also,

i
102W oW i1[(02W)2 (ow) 2J2 --dx~ - +- dx=V.

o ox2 at 0 ax2 at

From (8), (9) and (11) it then follows that
dV<it ~ lp(t)!V + 2v(t)Vt.

Let V = U2 with U ~ 0, so that (12) becomes

dU
(it ~ !1P(t)1 U + v(t)

(8)

(9)

(10)

(11)

(12)

(13)
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(14)

(15)

(16)

and, upon integration and application of the initial conditions (5),

U(t) :::; f: v(r) exp{t f Ip(~)1 d~} dr.

This inequality provides a bound on U. In order to obtain a bound on Iw(x, t)l, consider the
inequality [8J

f (~:~r dx ~ k
2
w

2

where k has the values (i) 6·928, (ii) 13·86, (iii) 10·09 for the three sets of end conditions.
Combination of(14) and (15) then leads to the bound

Iw(x, t)1 :::; (Ilk) 5: v(r) exp{t f Ip(~)1 d~ } dr.

I[ the maximum possible value of Iw(x, t)1 for 0 :::; x :::; 1 and t ~ 0 is denoted by wmax ' it
follows that

wmax :::; (11k) 5: f

v(t) exp { tIf Ip(~)1 d~} dt (17)

where v(t) is defined by (10).
Inequality (17) furnishes an upper bound on the displacement of the beam-column in

terms of the transient loads p(t) and q(x, t) and the initial curvature d2wo/dx2.
(b) A second useful displacement bound may be obtained with the use of the functional

for t> tf ,

for o :::; t :::; td ,

for td < t :::; tf ,

_5. 1
[(02W)2 (OW)2 (OW)2JS- - -p(t)- + - dx

o ox2 ox ot
if p(t) is a continuous pulse loading with the following properties:

o :::; p(t) < Pe for 0:::; t :::; tf ,

p(t) == 0

P(t) ~ 0

P(t) :::; 0

where P== dpldt. In this case S is positive-definite, since [8J

5.
1 (02W)2 5. 1 (OW)2
o OX 2 dx ~ Pe 0 ox dx,

and

(18)

(19)

(20)

~~ -P(t)f (~:r dx+2 f r(x, t)~: dx. (21)

From (9), (19) and (20) it follows that the second integral on the right side of (21) satisfies
the inequality

i
l ow

o r(x, t)-at dx :::; v(t)SI/2 (22)
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and the first integral is non-positive for 0 ::; t ::; td • Therefore,

dSdt::; 2V(t)Sl/2 for 0::; t ::; td (23)

and integration leads to

[S(t)]t ::; { v('r:) dT for 0 ::; t ::; td

with the right side maximum for t = td.

For td ::; t ::; tl one can show that

- P(t)f (~:) 2 dx ::; 2y(t)S

where

-P(t)
y(t) = 2[Pe _ p(t)] ;::: 0,

and hence

(24)

(25)

(26)

(27)
dS
dt ::; 2y(t)S + 2v(t)St for td ::; t ::; tl .

Inequality (27) is similar to (12), and integration here yields

[S(t)]t::; [S(td)]texp{LY(T)dT} +LV(T)exp{f Y(~)d~} dT for td ::; t::; tl · (28)

This expression can be simplified, since

fIY(~)d~ = In{Pe-P(t)}t,
t Pe-P(T)

to give

(29)

(30)

where (24) with t = td has been used. A weaker but simpler bound is given by

[S(t)]t ::; {Pe-;(t))}t f.1 v(T)dT for td ::; t ::; tlPe- td 0
(31)

(32)

which follows from the fact that p(t) is maximum at t = td.
For t > tl , dSjdt = 0 and S(t) = S(t/). Upper bounds on [S(t)]t for all t are, therefore,

given by the right sides of (30) and (31) when t = tl . Displacement bounds then follow from

S;::: Pe-P(td)f. 1 (02
:)2 dx;::: [Pe-p(td)]k2w2.

Pe 0 OX Pe
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For example, combination of (31) at t = tf with (32) leads to the upper bound

(33)

on the displacement magnitude Iw(x, t)l, where v(t) is defined by (10) and p(t) is a pulse load
which satisfies conditions (19).

EXAMPLES

(a) In some practical applications, exact expressions for the loads and initial curvature
may not be known. Suppose that only the following information is given:

lp(t)I S Pm'
(34)

p(t) == 0, q(x, t) == ° for t > tf .

Then for °S t S tf

v(t) s max Ir(x, t)l S qm + Pmam
Osxsl

and inequality (17) provides the displacement bound

wmax S (2Ik)[am+(q"jPm)] (ePmIJ/2 -1)

(35)

(36)

in terms of the extreme values of p(t), q(x, t) and d2wo/dx2.
(b) Consider the case q(x, t) == 0, so that only the axial load p(t) is acting on the beam

column. In this case

v(t) IXIp(t)1

where

{i
1

(d2wo)2 }tIX = -d2 dx
o x

and (17) may be integrated to give

(37)

(38)

(39)

For a pulse load of the form (19), inequality (33) is also applicable and yields the displace
ment bound

Wmaxs (1XIk){peJ[Pe- p(td)]} f~J IP(t)1 dt.

(c) If p(t) == 0, then inequality (17) becomes

W max S (11k) f~J {f q2(X, t) dxrdt.

(40)

(41)
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In the case of a separable lateral load

q(x, t) = t/>(t)f(x)

the bound (41) may be written as

wmax ::;; (11k) {f P(X)dX} t f~f It/>(t) Idt.

(42)

(43)

(44)

With no axial load present, w(x, t) is independent of the initial shape wo(x); however, the
total displacement of the beam-column from the x axis is given by w(x, t)+wo(x).

Consider, for example, a pinned-pinned beam subjected to the lateral load

( ) {
qO sin 1I:X sin wot for 0::;; t < 1I:Iwo

q x. t = o for t ~ 1I:Iwo

where Wo is the fundamental vibration frequency of the beam. For this particular case
the exact displacement can be calculated, and one can show that the maximum displace
ment over all time has the value 0·16 qolwo as compared to the upper bound 0·20 qolwo
given by (43).

REFERENCES

[I] V. V. BOLOTIN, The Dynamic Stability ofElastic Systems. Holden-Day (\964).
[2] J. B. MARTIN, Displacement bounds for dynamically loaded elastic structures. J. Mech. Engr Sci. 10, 213

(1969).
[3] T. L. ANDERSON and M. L. MOODY, Parametric vibration response of columns. J. Engr Mech. Div. 95,

665 (1969).
[4] D. KRAJCINovIC, Discussion of parametric vibration response of columns. J. Engr Mech. Div. 96, 180 (1970).
[5) S. M. HOLZER and R. A. EUBANKS, Stability of columns subject to impulsive loading. J. Engr Mech. Div. 95,

897 (1969).
[6] S. M. HOLZER, Response bounds for columns with transient loads. J. appl. Mech. 38, 157 (1971).
[7) K. K. STEVENS, Transverse vibration of a viscoelastic column with initial curvature under periodic axial load.

J. appl. Mech. 36, 814 (1969).
[8] L. B. FREUND and R. H. PLAUT, An energy-displacement inequality applicable to problems in the dynamic

stability of structures. J. appl. Mech. to appear.

(Received 18 June 1970; revised 28 December 1970)

AfiCTpaKT-PaCCMaTpHBaIOTcll ynpyrHe 6anKH-KonoHHbl c Ha'lanbHblM HCKpblBneHHeM H 3all.\eMneHHblMH
KOHlIaMH. Orrpe.ll.enlllOTCll BepXHHe npe.ll.enbI rrOBe.ll.eHHlI ropH30HTanbHbiX rrepeMell.\eHHli., BCne.ll.CTBHe
HeCTallHoHapHblx oceBblX CHn HnH paCrrpe.ll.eHHblX ropH30HTanbHbiX Harpy30K, rryTeM clJYHKlIHoHanoB
3HeprH'Iecxoro THrra H HeKOTopblX HepaBeHCTB. Pe3ynbTlITbi OKa3bIBalOTCll BalKHblMH BCne.ll.CTBHe HX
o606ll.\eHHlI.


